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Abstract

As the use of NC techniques to machine the freeform and complex surfaces of dies and molds
has increased, the demand for revolving helical cutters with specialized geometries has risen. This
paper develops a systematic modeling approach for the design and NC machining of concave-arc
ball-end milling cutters with a constant helical pitch. The section profile of groove and grinding wheel
in the NC machining of the concave-arc ball-end milling cutters with constant pitch are concluded. The
cutting edge is defined with a constant pitch and the grinding wheel is specified in terms of the
maximum radius of the cutter. By employing the envelope and inverse envelope theories, the sections
of grinding wheel and the radial feed, axis feed, and relative displacement of the grinding wheel during
NC machining of the cutter are systematically designed. Based on the maximum sectional radius of the
cutter, the principles of inverse envelope theory are then employed to establish the sectional profile of
the grinding wheel required to produce the designed cutter using a two-axes NC machine. Models are
then presented to continue the radial and axial feeding velocities of the grinding wheel during
machining, together with its relative displacement. The proposed models are verified via computer
simulation and are found to yield satisfactory results. The models presented in this study are intended
to supply a general reference for the automatic design and manufacture of helical cutters with a
constant pitch.
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1. Introduction

NC machining enables the fabrication of compo-
nents comprising a variety of freeform and complex
surfaces. However, forming such surfaces commonly
requires the use of revolving cutters with specialized
geometries. Of the various cutters in general use, helical
cutters are one of the most common, and are employed
in a broad range of machining applications throughout
industry. The cutting edges and grooves of these revolv-
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ing tools are designed not only to perform a milling op-
eration, but also to enhance chip removal. Therefore, to
a large extent, the success of the machining operation is
dependent on an appropriate design of the cutter’s geo-
metrical features.

The literature contains many investigations into the
modeling, design and NC machining of revolving he-
lical cutters. In general, these investigations consider
three different basic definitions of the helical angle of
the cutter: (1) the angle between the helical curve on
the revolving surface and the longitudinal curve [1-
11], (2) the angle between the helical curve on the re-
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volving surface and the axis of rotation of the cutter
[12-20], and (3) a helical cutting edge with a constant
pitch [21-24]. Reference [25] develops a surface of the
grinding model for ball-end milling cutters, while [26,
27] discuss the geometry, mechanics and dynamics of
general milling cutters. Finally, [28—30] focus on the
CAD/CAM design and manufacture of helical milling
cutters.

In [16], the authors concluded that the first and sec-
ond definitions of the helical angle were overly complex
when applied to develop mathematical descriptions of
the cutting edge. It was shown that the cutting edge de-
signed for a cutter with a constant pitch was smoother
than that produced by the first two definitions. In [21-
23], the authors developed general models for revolving
cutters with a constant pitch, but did not specifically ad-
dress the case of concave-arc ball-end milling cutters.
Furthermore, the mathematical models were not verified
via computer simulations. Therefore, the objective of the
present study is to develop a mathematical model of a
concave-arc ball-end milling cutter with constant pitch.
Having constructed this model, the study then defines the
profile of the grinding wheel required for its manufacture
and specifies the feeding speeds and displacements of the
grinding wheel during two-axes NC machining of the de-
signed cutter. Finally, the proposed models are verified
via computer simulations.

The remainder of this paper is organized as follows.
Section 2 develops a mathematical model for the helical
groove profile on the cylindrical shank of the cutting
tool. Section 3 then constructs a model for the cutting
edge on the ball-end part of the cutter and demonstrates
how continuity is achieved between this cutting edge and
that on the revolving surface of the tool. Section 4 em-
ploys inverse envelope theory to design the sectional
profile of the grinding wheel required to machine the cut-
ting edge designed in Sections 2 and 3. Section 5 devel-
ops models to define the radial and axial feeding speeds
of the grinding wheel, and its relative displacement, dur-
ing two-axes NC machining of the designed cutter. It is
also shown how the problem of a residual revolving sur-
face on the ball-end part of the cutter can be overcome by
carefully controlling the feed of the grinding wheel in the
radial direction. Section 6 verifies the developed models
via computer simulations. Finally, Section 7 presents
some brief conclusions.

2. Helical Groove Profile on Cylindrical
Shank of Cutting Tool

As shown in Figure 1, the helical groove profile on
the concave-arc ball-end milling cutter consists of five
segments, i.e. three line segments and two arc segments.
The first segment (line AB) is tangent to the second seg-
ment (arc BC) at point B. Arc BC is tangent to the third
segment (arc CD) at point C. Arc CD is tangent to the
fourth segment (line DE) at point D. Finally, line DE is
tangent to the fifth segment (line EF) at point E. The line
segment EF represents the cutting edge zone. The cutting
edge on the cylindrical part of the cutter is defined by the
continuous spiral motion of the helical groove. In gen-
eral, the shape of revolving helical cutters is not constant
for all machining applications, but varies to meet the re-
quirements of particular machining tasks. Clearly, the
depth of the helical groove depends on the radius of the
particular cutter. Specifically, as the radius of the cutter
decreases, the depth of the groove must be correspond-
ingly reduced. In the present analysis, the sectional de-
sign of the cutter groove is based on the maximum outer
radius of the cutter.

As discussed above, the helical groove can be de-
fined in terms of five discrete segments. The complete
groove section can be described mathematically by using
a unit step function to combine the equations describing
each of the five segments, i.e.

Figure 1. Helical groove profile on concave-arc ball-end mil-
ling cutter.
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where H(p) is a unit step function and p is a parameter
of the five segments. If the cutter has two helical groo-

ves (as shown in Figure 1), the equations of the five seg-
ments are given as:

r ={r, — AB* p *cosa,—AB* p *sina }
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where r, is the maximum radius of the cutter, 7p is the ra-
dius of circle P, r is the radius of circle Q, a. is the rake an-
gle of the line segment AB with the X-axis, B is the angle
of the line segment DE with the Y-axis, y is the clearance
angle of the cutting strip AB with the Y-axis, / is the length
of the cutting edge strip EF, 05 is the angular position of
point B on circle P, O¢ is the angular position of point C on
circle P, 8, is the angular position of point D on circle Q,
and O is the angular position of point E on circle Q.

The equation of the helical groove on the cylindrical
part of the cutter is given by:

L= {xlsyuzl}
. . 76
= {x(t) cosO — y(¢)sinO, x(¢)sinb + y(¢) cosO ,2—}
i

€)

where 0 is the revolving angle and T is the thread pitch.
A 3-D representation of the helical groove is shown in
Figure 2.

3. Continuity of Cutting Edge on Cylindrical

Shank and Ball-End Regions of Concave-Arc
Milling Cutter

As shown in Figure 3, the profile of a revolving cut-

ter with a concave-arc generator is formed by rotating the
curve GHIJ around the Z-axis. The radius of arc GH is R,
and the center angle of arc HI is determined in accor-
dance with the particular machining situation. In other
words, the center point S of arc HI may have many differ-
ent positions relative to the center point O of arc GH.
However, this study considers only the case where the
straight line OS is perpendicular to the Z-axis. The radius
of the concave arc HI is denoted by Rg and the straight
line 1J is parallel to the Z-axis. The revolving surface
formed by rotating GHIJ around the Z-axis can be ex-
pressed by a sectional-continuous function.

The equation of the revolving surface corresponding
to arc GH is expressed by:

Fou = {R, c0sd cosB, R, cosd sinb,—R,, sind }
1) E[O,Tc/Z] 0 E[O,ZTE] )
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Figure 2. 3-D representation of helical groove.
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Figure 3. Geometry of concave-arc ball-end milling cutter.
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In this study, the cutting edge on this revolving sur-
face is assumed to be a helical curve with a constant
thread pitch, T, defined as:

T =21 R, cosd tand (5)

The helical angle ¢ between the cutting edge and the ge-
nerator of the revolving surface is a function of 6 and b,
where b is the spiral parameter. Specifically, the helical
angle can be defined as:

tand = d __? 6
2nR,cosd R, cosd ©

The partial differential equations of the revolving sur-
face corresponding to arc GH can be expressed as:

aggy =reys = {—R, sind cosb,— R, sind sinB,—R,, cosd }
(7)
aggf = Feyo = {—R, cosd sinB, R, cosd cosh,0} (8)

The coefficients of the first fundamental form are given
by:

E =1y, =(-R,sind)’ +(-R, cosd)’ =R,
F =rous Touy =0 9)
G =1y, = (R, cosd)’

Defining the helical angle ¢ as the angle between the
tangent line drgy of the cutting edge and the generator
Drgy (D6 = 0) of the revolving surface, it can be shown
that:

drgy = Fyrs AS + ¥y dO (10)
Drgy = reys DS (11)

drgy - Drgy, )
os2¢ - M (12)

|erH| |DrGH|

Hence, it can be shown that:
do t b

- fond (13)

5 cosd R, cos’d

In other words:

0= —d8 10, =2 tan5 +0,
0 R, cos’ Ry

(14)
where 0 is the initial value of parameter 0. Let the ini-
tial 0 = 0 when & =0, so 0y = 0. Therefore, Eq. (14) be-
comes:

where 0 is the initial value of parameter 6. Let the
initial 6 = 0 when & = n/2, so 8y = 0. Therefore, Eq. (14)
becomes:

0 =itan8
R

o

(15)

The equation of the cutting edge on the revolving
surface corresponding to arc GH can be obtained by sub-
stituting Eq. (15) into Eq. (4).

As shown in Figure 3, the equation of the revolving
surface corresponding to the concave arc HI is given by:

Fur = {[Ry + Ry (1= cos p)]cosh,
[RO + R;(1—cos ;,L)]sinG , Rg sin p}, pe [0,(p],9 € [0,275]

(16)
a9 _ Rg tand _ bR (17)
dpu Rp+Rg(1-cosp) [R0+RS(1—cosu)]2
Integrating Eq. (17) gives:
0 :bRSI“ ! dp+6, (18)

0 [Rp +Rg(1—cosp)] :

where 0, is the initial value of parameter 6 for the re-
volving surface corresponding to arc HI. At the con-
junction position, let the initial 6 =0 when p=0, so 0, =
0. Therefore, Eq. (18) becomes:

0= bRJ' ! _dp

[Ro + Rg(1—cos u)]

(19)

The equation of the cutting edge for the revolving
surface corresponding to arc HI can then be obtained by
substituting Eq. (19) into Eq. (16).

As shown in Figure 3, the equation of the revolving
surface corresponding to the line segment 1J can be ob-
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tained as:

1y = {[Ry + Rs(1-cos@)]cos0,[R, + Ry (1-cos ) ]sin,
Rgsing +z, 10 €[0,2n],z, €[0,z, | (20)

do tan¢ B b
dz;  Rp+Rg(1-coso) [R0+Rs(l—cosq>)]2

21

Integrating Eq. (21) gives:

bz,

0= 2
[Ro + Rs(1—coso)]

+6, (22)

where 0, is the initial value of parameter 0 for the revolv-

ing surface corresponding to line segment 1J. At the con-
1

d|
R, +Rs(1-cosp)]’ H

junction position, let® = bR J.:) [

when z; = 0. Hence, 0, is given by:

9 1
0, =bRSIO : dp (23)

R, +Rg(1—cosp)] ?

Therefore, Eq. (22) becomes:

_ bz, . +bRSJ.(P 1
[Ro + Rs(1—coso)]

24)

The equation of the cutting edge for the revolving
surface corresponding to the line segment 1J can then be
obtained by substituting Eq. (24) into Eq. (20).

Note that the derivations above provide expressions
for a helical cutting edge in which the thread pitch is con-
stant and the helical angle is specified in terms of the
maximum radius of the cutter.

4. Design of Grinding Wheel Sectional Profile

In designing the sectional profile of the grinding
wheel required to produce the cutting edge defined abo-
ve, the coordinate system o, = [Oy; x1, y1, z1] is attached
to the grinding wheel and the coordinate system ¢ = [O;
X, , z] is attached to the cutter, as shown in Figure 4. It is
observed that the X;-axis (grinding wheel) lies on the
XOY plane and is orientated at an angle of 30° from the
X-axis (cutter). Additionally, the centerline axis of the

dp
o [Ry +RS(1—COS|J)]2

grinding wheel lies along the Z; axis passing through po-
int O,. Finally, O;Z, and OZ are straight lines on differ-
ent planes having a common normal of O;0. The equa-
tion of line O,Z; in the cutter coordinate system ¢ can be
expressed as:

. :{ﬁa, a 0}+g{cos¢, ]
' 2

2 2

\/§COS(|) , sind)}
2
(25)

where ¢ is the helical angle and a is the distance be-
tween the origins O and O, of the 6 =[0; X, Y, Z] and 5,
=[0y; X1, Y1, Z,] coordinate systems, respectively. Sin-
ce the profile of the grinding wheel is a revolving sur-
face, the normal vector of any point on the surface pa-
sses through its revolving axis, Z;. Therefore, in order
to satisfy the condition that every point on the helical
groove surface of the cutter is a common tangent point
of the grinding wheel profile, the normal vector of these
cutter surface points must also pass through the cen-
terline axis of the grinding wheel. In other words, line
0,Z,can be expressed mathematically as:

r, =F = +ar xr
v £ (26)
:{x*+xNx*,y*+kNy*,z*+sz*}

By equating the respective components of the left- and
right-hand sides of this equation, it can be shown that:

£a+gw:x*+kN*

5 5 x @7

Figure 4. Relative positions of cutter and grinding wheel co-
ordinate systems, ¢ and G;.
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a \/gcos * *
Z—C_;Tq):y +AN, (28)

csing =z +7\,NZ* (29)

From Eq. (29), it is easily shown that parameter ¢ is
given by:
c =z cscd +AN. csco (30)

Substituting Eq. (30) into Eq. (28), it is shown that the
parameter A can be expressed as:

- a—-3z" cotd —2y*
2Ny* + \/gNz* cotd

31

Substituting Egs. (30) and (31) into Eq. (27) gives:

z cotd)(Ny* +x/§Nx*)—Nz* cotd)(\/gx* +y*)

+a(2N, coty ++/3N," =N, )+2(y'N, -x'N,") =0
(32)

Exploiting the property of a helical surface, i.e. y N, —
x*N; =bN_, Eq. (32) can be rewritten as:

Z cotd(N, +3N, )= N, cotdp(+/3x" +y")
+2bN.” +a(2N, cotd +3N, ~N,")=0

By simultaneously solving Eqgs. (3) and (33), the con-
tact curve between the helical groove on the cutter and
the profile of the grinding wheel is shown to be:

r, = {x(8), (6), 2(6)}

To obtain the profile of the grinding wheel, the con-
tact curve defined in Eq. (34) must be transformed to the
grinding wheel coordinate system, ;. To carry out this

(34)

transformation, a new coordinate system ¢’ =[0'; X', Y,
Z'] is introduced. The transformation from coordinate
system o to coordinate system o’ is then given by:

a_x B
2 2 Y
y,=_£x+y (35)
2 2
Z'=z

Since the origin O, and the X;- and Z,-axes in coor-
dinate system o, are already defined, the direction of the
Y -axis can be obtained from the right-hand rule. The
transformation from coordinate system ¢’ to coordinate
system o can then be expressed as:

x=x'—-a
¥, =y'sin¢ +2z'cos (36)

z; =—y'cosdh +z'sind

Hence, the equation of the contact curve can be ex-
pressed in terms of the 6, coordinate system as:

X, :x(;)+fy(9)—a
b2 =[—\2Ex(6) +y(26)Jsin(I) +z(@)cosd  (37)
z, :(*fx(e) —yg_e)}:osd) +2(0)sin ¢

The profile surface of the grinding wheel can then be
computed by rotating the contact curve around the Z;-
axis. The intersecting curve between the profile surface
and the plane y; = 0 represents the profile curve of the
grinding wheel, and can be expressed as:

[ 2 2
rcz{xl +3, 0, zl}

(3%)

A grinding wheel with this profile curve will automati-
cally yield the desired groove profile on the cylindrical
shank of the helical cutter (designed in Eq. (3)). How-
ever, to achieve the designed groove profile on the ball-
end portion of the cutter, it is necessary to carefully con-
trol the displacement of the grinding wheel in the radial
direction, as described below.

S. Continuous Radial and Axial Feeding
Speeds of Grinding Wheel during 2-axes NC
Machining of Designed Cutter

The revolving surface of a revolving cutter can be
expressed by the following general equation:

r= {f(u)cos@,f(u)sine,g(u)} (39)



The Design and Machining of Concave-Arc Ball-End Milling Cutters with Constant Hehical Pitch 35

The present analysis assumes that the cutter designed
in Sections 2 and 3 is to be machined using a two-axis
NC machine tool with a grinding wheel rotating at a con-
stant angular velocity, ®. During machining, the feeding
speed of the grinding wheel along the axial direction, v,,
is given by:

d_dg_ dud)__of'g

g de dl‘ b f/2+g/2

At the revolving surface corresponding to the arc GH
of the cutter, the feeding speed of the grinding wheel
along the axial direction can be defined as:

40
oodt dt (40)

f=R,cosd,g =—R,sind (41)

f'=-R, sind,g'=—R cosd (42)
2 3

v, __OR, ZOS ) (43)

Similarly, at the revolving surface corresponding to
the arc HI of the cutter, the feeding speed of the grinding
wheel along the axial direction can be defined as:

f=R,+Rs(1-cosp),g=R;sinp (44)

f'=Rgsinp,g' =R, cosp (45)
_ 2

v, = o[R, +Rs(1 bcos W] cosp (46)

At the conjunction point, 5 = 0 for the surface given
in Eq. (4) and p = 0 for the surface given in Eq. (16).
However, the direction of velocity is reversed compared
to u = 0 for the surface given in Eq. (16) when & = 0 for
the surface given in Eq. (4). Substituting these boundary
conditions into Egs. (43) and (46), respectively, gives:

ooRf
= = VZZ

v P 47

The feeding speed of the grinding wheel in the radial
direction must be defined according to a radius function,
f (w). If the radial feeding speed varies linearly with the
radius, over-cut will occur on the part of the cutter satis-

fying f (1) < Rp+ Rs(1 —cos ). Furthermore, if the radial
feeding speed is not appropriately adjusted, the groove
will not exist on any part of the cutter at which the radius
is less than r;. Therefore, the appropriate radial feeding
displacement must take account both of the general vari-
ation Rp + Rs(1 — cos @) of the cutter radius and the ge-
neral variation r; of the feeding displacement. It is as-
sumed that the appropriate feeding displacement, S, var-
ies proportionally with the variation Ry + Rs(1 —cos @) —

flu) of the cutter radius, i.e.

> - (48)
Ry +Rg(1-cosp)— f(u) Ry+Rg(1-coso)
Therefore, it can be shown that:
o [Ro+ Ry (1=cosq)~ )l
Ry +Rg(1-coso)
" (49)
=7 f(u)

- Ro+Rg(l—cosg)”

Accordingly, the general equation for the feeding
speed of the grinding wheel in the radial direction is
given by:

LA n du dO
£ dt Ro+Rg(l—cosp)” dO dt
2 50
(szf (50)

7
bRy + Rg(1—coso)] m

Therefore, when machining the revolving surface

corresponding to arc GH of the cutter, the radial speed of
the grinding wheel is specified as:

rio)Rcz) cos® & sind

" T B[Ry + Ry (1-cos0))] 5
ro RS cosd sin’ &
Vel = (51)
bR, + Rg(1—cosp)]

Similarly, at the revolving surface corresponding to
arc HI of the cutter, the radial speed of the grinding wheel
is defined as:

o ro[Ry + Rg(1—cos )] sin p
g2 B[R, + Ry(1—cos@)]

(52)
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At the conjunction point, & = 0 for the surface in Eq.
(4) and p = O for the surface in Eq. (16). Substituting
these boundary conditions into Egs. (51) and (52), re-
spectively, gives:

Vo1 =0=vg5 (53)

In general, Egs. (47) and (53) reveal that both the ax-
ial and the radial feeding speeds of the grinding wheel
vary as continuous functions during two-axis NC ma-
chining.

6. Computer Simulation

The design and manufacturing models presented in
the sections above for a concave-arc ball-end milling cut-
ter with a constant pitch were verified via computer sim-
ulations. The designed cutter was assumed to have the
following specification: (1) maximum radius of r, = 10
mm, (2) remaining circular end radius of r; = 6 mm, (3)
radius of groove arc BC of rp = 4 mm, (4) radius of
groove arc CD of rq = 10 mm, (5) rake angle of o = 6°,
(6) clearance angles of cutting strips of y = 5° and B =
45°, (7) length of cutting edge strip EF of / = 1 mm, and
(8) cylindrical radius of 10 mm. The sectional profile of
the helical groove on the cylindrical shank of the con-
cave-arc ball-end milling cutter is illustrated in Figure 1,
while a 3-D representation of the helical groove profile is

shown in Figure 2.

In simulating the results for the grinding wheel pro-
file, the cutter was assigned a thread pitch of T = 20\3n
mm and a spiral parameter of b = 10v/3 mm. Further-
more, it was assumed that the distance between the ori-
gins of the cutter coordinate system and the grinding
wheel coordinate system was 25 mm. Figure 5 presents
the results obtained for the sectional profile of the de-
signed grinding wheel, while Figure 6 provides solid rep-

10

18 20 22 24

Figure S. Sectional profile of designed grinding wheel (di-
mension: mm).

4.4

14.488

Figure 6. 3-D representations of grinding wheel and sectional profile (dimension: mm).
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resentations of the grinding wheel and its sectional pro-
file. As shown, a cone-shaped grinding wheel with a rake
and bottom angle of 7/2 — y was used to eliminate the re-
sidual surface and to grind the cutting edge strip. The an-
gular velocity of arc HI is ¢ = 7t/3 and the speed of the re-
volving milling cutter is 1 cycle/min. Figure 7 shows the
variation in the radius of the revolving surface. As shown,
the radius of arc GH on the ball-part of the cutteris R, =5
mm while the radius of arc HI is Rg = 10 mm. Figure 8
shows the variation of the angular parameter for this re-
volving surface. Figure 9 shows the radial displacement
of the grinding wheel. Figure 10 indicates the feeding

=y
o

N UL LRSS BEREE RAEE RAREE RannE nannn |

The radii of designed revolving surfaces (mm)
(8]

Figure 7. Radii of designed revolving surfaces.
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w
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Figure 9. Variation of radial displacement of grinding wheel.

speed of the grinding wheel in the axial direction while
Figure 11 shows the feeding speed of the grinding wheel
in the radial direction. Finally, Figure 12 shows a 3-D
schematic of the resulting cutting edge curve with con-
stant pitch formed on the surface of the concave-arc ball-
end milling cutter.

7. Conclusion
This paper has presented a systematic mathematical

modeling approach for designing and machining the he-
lical groove on a concave-arc ball-end milling cutter with

O = N W hh O ® N © ©

0 UL LLARY LAARY LAALY LANRY LAAAN LLARE LLARY LARAN LAARY LARLY LAALY LAANY LARRN AN
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The angular parameter of revolving surface (radian)

Figure 8. Variation of angular parameter of revolving sur-
face.
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Figure 10. Feeding speed of grinding wheel in axial direction.
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The Feeding speed of grinding wheel

0 L L I 1
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Figure 11. Feeding speed of grinding wheel in radial direction.

Figure 12. 3-D schematic of helical groove on designed con-
cave-arc ball-end milling cutter.

a constant pitch. The groove surface and the grinding
wheel of the enveloping surface should be designed first.
According to the maximal sectional radius of the cutter,
the profile of the groove section of the grinding wheel is
followed by the definition of the profile and relative mo-
tion of the grinding wheel. Subsequently, the principles
of inverse envelope theory were applied to construct a
model for the profile section of the grinding wheel re-
quired to generate the designed cutting curve. Finally,
expressions for the required axial and radial feeding spe-
eds of the grinding wheel, and its relative displacement
during the two-axes NC machining of the designed cut-

ter, were derived. The continuities of the cutting edge
and the feeding speed of grinding wheel at the connect-
ing part are verified. The accuracy of the mathematical
models was verified via computer simulations. The mod-
els of this paper are simulated with an example, and the
results are shown to be satisfactory. In conclusion, the
modeling method presented in this study provides a valu-
able approach for the automatic design and machining of
concave-arc ball-end milling cutters with two helical
grooves of constant pitch.
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